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Abstract
Electromagnetic waves propagating in a homogeneous three-dimensional unbounded chiral
medium are considered. We define a chiral operator and study potential scattering relative to this
operator. A spectral analysis of associated operators is obtained, based on the Plancherel theory of
the Fourier transform. Using the generalised eigenfunction expansion theory, we give an integral
representation of the solution. A discussion of asymptotic equality of solutions is provided and the
associated wave operator introduced.
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1. Introduction
Chiral materials are those which exhibit optical activity in the sense that the plane of vi-
bration of linearly polarized light is rotated on passage through the material. Consequently,
chiral phenomena in a medium can be investigated analytically by introducing into the clas-
sical Maxwell’s equations those constitutive relations indicating the coupling of the electric
and the magnetic fields which involve a so-called chirality measure. There are a number
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lations which are symmetric under time reversality and duality transformations.
In recent years chiral materials have been increasingly studied and there is a growing lit-
erature covering both their applications and the theoretical investigation of their properties.
In this connection we would cite, in particular, the books [13–15,18] and the articles [1–3,
9,10,27], which give a comprehensive account of research activities centred on chiral ma-
terials. It will be noticed that the works dealing with wave phenomena in chiral materials
have been mainly concerned with the study of time-harmonic waves which leads to fre-
quency domain studies. The literature concerned with time domain studies in chiral media
is, as yet, not very extended. We would refer to [4,7,12,19], which are representative of the
work in this area. For a time domain analysis in achiral media we refer to the books [6,21,
30] and to the articles [22–26,28,29] (see also the books [5,8,17,20]).
In Section 2 we begin the formulation of the scattering problems of interest by intro-
ducing the equations governing electromagnetic wave motions in chiral media. We show
that subject to an assumption on either the electric or the magnetic fields these governing
equations can be reduced, in each case to the same generic form. We also introduce the
notion of a chiral operator. In Section 3 we introduce the concepts of free and perturbed
problems relative to the chiral operator. A spectral analysis of operators associated with a
related potential problem is developed in Section 4 using the Plancherel theory of Fourier
transforms. Finally, in Section 5 we briefly mention the asymptotic equality of solutions
and define wave operators.
2. Formulation of the problem
We consider electromagnetic waves propagating in a homogeneous three-dimensional
unbounded chiral medium. The electric field E(x, t) and the magnetic field H(x, t) satisfy
the Maxwell’s equations
curlE(x, t) = −∂B
∂t
(x, t), (2.1)
curlH(x, t) = ∂D
∂t
(x, t), (2.2)
divB(x, t) = 0, divD(x, t) = 0, (2.3)
where D(x, t) and B(x, t) are the electric and magnetic flux densities, respectively. We
shall introduce constitutive relations which relate the material fields H(x, t) and D(x, t)
to the primitive fields E(x, t) and B(x, t). Commonly used constitutive equations when
investigating chiral effects are the Drude–Born–Fedorov (DBF) relations [14,15]
D(x, t) = ε{I + β curl}E(x, t), (2.4)
B(x, t) = µ{I + β curl}H(x, t), (2.5)
where I is the identity operator and ε denotes the electric permittivity, µ the magnetic
permeability and β the chirality measure. It is clear that if the chirality measure is equal to
zero, then (2.4) and (2.5) reduce to the classical constitutive equations for the achiral case.
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stacle B to be immersed in a chiral medium through which an incident electromagnetic
wave propagates. We are interested for solutions of (2.1) and (2.2) which satisfy initial
conditions of the form
E(x,0) = E0(x), H(x,0) = H0(x), (2.6)
and boundary conditions which are dependent on the physical properties of the obstacle B.
From (2.1) and (2.5) we get
curlE(x, t) = −µ ∂
∂t
{I + β curl}H(x, t). (2.7)
Since E(x, t) is solenoidal, then there will exist a vector function M such that
E(x, t) = curlM(x, t). (2.8)
If in addition we assume
divM(x, t) = 0, (2.9)
then, using the vector identity
curlcurlV = {graddiv−∆}V, (2.10)
we obtain
∆M(x, t) = µ ∂
∂t
{I + β curl}H(x, t). (2.11)
Furthermore, if we assume (magnetic field assumption)
∂
∂t
{I + β curl}H(x, t) = ε
{
∂2
∂t2
+ β
}
M(x, t), (2.12)
then (2.11) yields{
∂2t −
1
εµ
∆+ β
}
M(x, t) = 0. (2.13)
Consequently, knowing any solution M(x, t) of (2.13), H(x, t) and E(x, t) can then be
determined via the relations (2.11) and (2.7), respectively.
Remark 2.1. From (2.2) and (2.4) we get
curlH(x, t) = ε ∂
∂t
{I + β curl}E(x, t). (2.14)
Since H(x, t) is solenoidal, then there will exist a vector function N such that
H(x, t) = curlN(x, t), (2.15)
and if in addition we assume
divN(x, t) = 0, (2.16)
we obtain
∂−∆N(x, t) = ε
∂t
{I + β curl}E(x, t). (2.17)
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∂
∂t
{I + β curl}E(x, t) = −µ
{
∂2
∂t2
+ β
}
N(x, t), (2.18)
then (2.17) yields{
∂2t −
1
εµ
∆+ β
}
N(x, t) = 0. (2.19)
Hence, we have reduced the scattering problem for a class of electromagnetic waves in
chiral materials to an initial boundary value problem of the form{
∂2t −
1
εµ
∆+ β
}
u(x, t) = 0, (2.20)
u(x,0) = u0(x), ut (x,0) = u1(x), (2.21)
u satisfies (2.12) or (2.18), (2.22)
u ∈ (bc), u ∈ (rc), (2.23)
where the notations (bc) and (rc) denote that the solution u is required to satisfy boundary
conditions on ∂B and a radiation condition as |x| −→ ∞, respectively. The operator
A = curlcurl + β, (2.24)
which arises in the above problem (with ε = µ = 1) will be called the chiral operator.
Remark 2.2. We would emphasize that here, and throughout unless otherwise stated, ∆ de-
notes the vector Laplacian and u is a vector.
3. Free and perturbed problems
Let Ω = R3\B denote an open set exterior to the stationary obstacle B. The generic
initial boundary value problem with which we shall be concerned has the form (see (2.20)){
∂2t + curlcurl + β
}
w(x, t) = 0, x ∈ Ω, t ∈ R, (3.1)
w(x,0) = f (x), wt (x,0) = g(x), x ∈ Ω, (3.2)
ν ×w(x, t) = 0, x ∈ ∂Ω, t ∈ R, (3.3)
where ν = ν(x) is an outward drawn unit normal vector to ∂Ω , that is, the surface of the
obstacle (scatterer) B which here is assumed to be a perfect conductor. We assume, for
simplicity, that ε = 1 and µ = 1, since this can be achieved by a suitable choice of units.
There are two main approaches to the analysis of the above problems: frequency analy-
sis which gives rise to time-independent scattering theories and a time domain analysis
which gives rise to time-dependent scattering theories. In the present work we shall follow
the latter approach.
We shall consider as a free problem (FP) the investigation of electromagnetic waves
which are propagated in an achiral medium (β = 0) without any scatterer (Ω = R3). Var-
ious perturbed problems will arise when either an obstacle is immersed into the incident
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problem with which we shall be concerned here.
In this case, the operator
Au = curlcurlu = {gradgrad −∆I } · u, (3.4)
where I is the identity dyadic, plays a central role in the study of these scattering problems.
In order to avoid non-uniqueness due to edges or vertices, we use the edge condition, [6],
which requires that the energy in each bounded portion of Ω should be finite. Conse-
quently, we shall assume that solutions of interest, u, satisfy the following condition∫
K∩Ω
[∣∣curlu(x)∣∣2 + ∣∣u(x)∣∣2]dx < ∞, (3.5)
for every cube K ⊆ R3. To this end we introduce the following classes of functions:
Lloc2 (Ω¯) =
{
u: u ∈ L2(K ∩Ω) for every cube K ⊆ R3
}
, (3.6)
Lloc2 (curl, Ω¯) = Lloc2 (Ω¯)∩
{
u: curlu ∈ Lloc2 (Ω¯)
}
, and (3.7)
Lloc2 (curlcurl, Ω¯) = Lloc2 (curl, Ω¯)∩
{
u: curlcurlu ∈ Lloc2 (Ω¯)
}
. (3.8)
For a function u ∈ Lloc2 (curlcurl, Ω¯) the boundary condition (3.3) is replaced by the
generalized boundary condition for perfect conductors∫
Ω
[
(curlu) · v − u · (curlv)]dx = 0, (3.9)
for all v ∈ Lloc2 (curl, Ω¯) such that v(x) = 0 outside of a bounded set. The great advantage
of the generalized boundary condition is that it is meaningful for all domains. The function
class
L
E,loc
2 (curlcurl, Ω¯) = Lloc2 (curlcurl, Ω¯)∩
{
u: (3.9) holds
} (3.10)
contains the fields u for which u, curlu and curlcurlu are in Lloc2 (Ω¯) and the edge condition
and generalised boundary conditions hold. It is clear that the classical and generalized
boundary conditions are equivalent for domains with smooth boundaries.
As we have mentioned, we take as a free problem the initial value problem{
∂2t + curlcurl
}
u0(x, t) = 0, (x, t) ∈ R3 × R, (3.11)
u0(x,0) = f0(x), u0t (x,0) = g0(x), x ∈ R3. (3.12)
This problem arises from (3.1) to (3.3), when β = 0 and Ω = R3, that is, when the medium
of propagation of waves is achiral and does not contain any obstacle. We introduce the
operator A0 defined by
A0 :L
loc
2
(
curlcurl,R3
)−→ Lloc2 (curlcurl,R3), (3.13)
A0u0 = curlcurlu0, u0 ∈ D(A0), (3.14)( )
D(A0) = Lloc2 curlcurl,R3 . (3.15)
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on Lloc2 (curlcurl,R
3). We note also that A0 has a unique non-negative square root A
1
2
0 with
domain
D
(
A
1
2
0
)= {u ∈ Lloc2 (curlcurl,R3): Dau ∈ Lloc2 (curlcurl,R3), |a| 1}, (3.16)
where a = (a1, . . . , an) with aj , j = 1,2, . . . , n, non-negative integers is a multi-index.
It now follows that the initial value problem (3.11), (3.12) has in Lloc2 (curlcurl,R3) the
operator realization{
∂2t +A0
}
u0(x, t) = 0, (x, t) ∈ R3 × R, (3.17)
u0(x,0) = f0(x), u0t (x,0) = g0(x), x ∈ R3. (3.18)
We now consider u0 as a mapping from R into Lloc2 (curlcurl,R
3) and write
u0 :R −→ Lloc2
(
curlcurl,R3
)
, (3.19)
u0 : t −→ u0(·, t) ≡ u0(t) ∈ Lloc2
(
curlcurl,R3
)
, (3.20)
that is, u0 is an Lloc2 (curlcurl,R
3)-valued function of t . Hence, the problem (3.17), (3.18)
reduces to an initial value problem for an ordinary differential equation of the form{
d2t +A0
}
u0(t) = 0, t ∈ R, (3.21)
u0(0) = f0, u0t (0) = g0, (3.22)
with solution
u0(t) =
(
cos tA
1
2
0
)
f0 +A−
1
2
0
(
sin tA
1
2
0
)
g0. (3.23)
The solution of the problem (3.17), (3.18) can be written in the form
u0(x, t) =
(
cos tA
1
2
0
)
f0(x)+A−
1
2
0
(
sin tA
1
2
0
)
g0(x). (3.24)
Since A0 is self adjoint so also is A
1
2
0 [11,21]. Consequently, the Spectral Theorem is
available for our use and the associated functional calculus allows us to write (3.24) in the
form
u0(x, t) =
∞∫
0
(cos t
√
λ)dE0(λ)f0(x)+
∞∫
0
sin t
√
λ√
λ
dE0(λ)g0(x), (3.25)
where E0(λ)λ∈σ(A0) is the spectral family of A0 and σ(A0) denotes the spectrum of A0.
Details for the spectral family of A0 are included in the next section.
An alternative method frequently used for discussing wave motions governed by an
initial value problem of the form (3.17), (3.18) is to replace the given initial value problem
by an equivalent first order system. This has a number of advantages, not the least being that
it can provide a straightforward means of including energy considerations. We introduce
the energy spaces H0(Rn) and H1(Rn) as the completion of C∞0 (Rn) × C∞0 (Rn) with
respect to the norms ‖ · ‖0 and ‖ · ‖1, respectively, where for
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ϕ1
ϕ2
]
=: 〈ϕ1, ϕ2〉 ∈ C∞0
(
R
n
)× C∞0 (Rn), (3.26)
‖ϕ‖20 :=
1
2
∫
Rn
[∣∣∇ϕ1(x)∣∣2 + ∣∣ϕ2(x)∣∣2]dx, (3.27)
‖ϕ‖21 :=
1
2
∫
Rn
[∣∣∇ϕ1(x)∣∣2 + ∣∣ϕ2(x)∣∣2 + β∣∣ϕ1(x)∣∣2]dx. (3.28)
The norms ‖ · ‖0 and ‖ · ‖1 are equivalent provided β  0 [25,26]. We notice that H0(Rn)
has the decomposition [21]
H0
(
R
n
)=HD(Rn)⊕L2(Rn), (3.29)
where HD(Rn) is the completion of C∞0 (Rn) with respect to the norm ‖ · ‖D defined by
‖ϕ‖2D :=
1
2
∫
Rn
∣∣∇ϕ(x)∣∣2 dx, ϕ ∈ C∞0 (Rn). (3.30)
Furthermore,H0(Rn) is readily seen to be a Hilbert space with respect to the inner product
(·,·)0 defined by
(ϕ,h)0 := (∇ϕ1,∇h1)+ (ϕ2, h2), (3.31)
where ϕ = 〈ϕ1, ϕ2〉, h = 〈h1, h2〉 are elements of H0(Rn) and (·,·) denotes the usual
L2(Rn) inner product.
We now write the initial value problem (3.17), (3.18) in the form[
u0
u0t
]
t
(x, t)+
[
0 −I
A0 0
][
u0
u0t
]
(x, t) =
[
0
0
]
, (3.32)[
u0
u0t
]
(x,0) =
[
f0
g0
]
(x). (3.33)
Equations (3.32), (3.33) can be conveniently written in the form
(∂t + iG0)X0(x, t) = 0, X0(x,0) = Φ0(x), (3.34)
where
X0(x, t) =
[
u0
u0t
]
(x, t), Φ0(x) =
[
f0
g0
]
(x), (3.35)
iG0 =
[
0 −I
A0 0
]
. (3.36)
We now interpret X0 as an H0-valued function of t in the sense
X0 ≡ X0(·,·) : t −→ X0(·, t) ≡ X0(t) ∈H0
(
R
n
)
, t ∈ R. (3.37)
In this case (3.34) can be reformulated as an initial valued problem for an ordinary differ-
ential equation in H0(Rn) of the form{dt + iG0}X0(t) = 0, X0(0) = Φ0, (3.38)
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G0 :H0
(
R
n
)⊇ D(G0) −→H0(Rn), (3.39)
G0ϕ = −i
[
0 −I
A0 0
][
ϕ1
ϕ2
]
, ϕ = 〈ϕ1, ϕ2〉 ∈ D(G0), (3.40)
D(G0) =
{
ϕ = 〈ϕ1, ϕ2〉 ∈H0
(
R
n
)
: A0ϕ1 ∈ L2
(
R
n
)
, ϕ2 ∈HD
(
R
n
)}
. (3.41)
The initial value problem (3.38) is well-posed since G0 is a positive, self-adjoint operator in
H0(Rn) [21]. The solution of (3.38) can be obtained, using an integrating factor technique,
in the form
X0(t) = e−itG0Φ0 =: U0(t)Φ0, (3.42)
where iG0 generates the C0-group (strongly continuous group) {U0(t): t ∈ R} defined
by [21]
U0(t) = e−itG0 =
[
cos tA
1
2
0 A
− 12
0 sin tA
1
2
0
−A
1
2
0 sin tA
1
2
0 cos tA
1
2
0
]
(3.43)
and hence the solution of (3.34) is given by
X0(x, t) = e−itG0Φ0(x) = U0(t)Φ0(x). (3.44)
It is clear that the first component of the solution (3.44) yields the same solution as that
obtained previously in (3.24).
As we have already mentioned, a practical interpretation of the solution forms that we
have obtained relies on a detailed knowledge of σ(A0) and {E0(λ)}. The spectral family
{E0(λ)} can be determined by means of Stone’s formula [21,25]
((
E0(λ)−E0(µ)
)
f,g
)= lim
δ↓0,ε↓0
λ+δ∫
µ+δ
([
R0(t + iε)−R0(t − iε)
]
f,g
)
dt, (3.45)
where R0(t ± iε) := (A0 − (t ± iε)I )−1.
A number of perturbed problems can be associated with this FP simply by means of
including a non-zero chiral parameter β or by the imposition of the boundary condition
(3.3) or both. We shall consider the following perturbed problems:
• The initial boundary value problem (3.1) to (3.3) with β = 0. We shall refer to this
problem as PP1.
• The initial value problem (3.1) to (3.2) with β = 0. This problem will be denoted by
PP2.
• The initial boundary value problem (3.1) to (3.3) with β = 0. We shall refer to this
problem as PP3.
In the present paper we shall study the problem PP2, which corresponds to potential
scattering in the time domain. The other problems will be communicated separately.
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the next section we shall obtain a spectral analysis for the operators associated with PP2.
We consider the problem PP2,{
∂2t + curlcurl + β
}
u2(x, t) = 0, x ∈ R3, t ∈ R, (3.46)
u2(x,0) = f2(x), u2t (x,0) = g2(x), x ∈ R3. (3.47)
Thus, PP2 is a perturbation of the FP by means of the additional term β . Now the medium
through which the waves propagate is chiral. However, there is no scatterer in the sense of
target scattering. We introduce the spatial operator A2 defined by
A2 :L
loc
2
(
curlcurl,R3
)−→ Lloc2 (curlcurl,R3), (3.48)
A2u2 = curlcurlu2 + βu2, u2 ∈ D(A2), (3.49)
D(A2) = Lloc2
(
curlcurl,R3
)
. (3.50)
Then the corresponding initial value problem PP2 has in Lloc2 (curlcurl,R
3) the operator
realization{
∂2t +A2
}
u2(x, t) = 0, x ∈ R3, t ∈ R, (3.51)
u2(x,0) = f2(x), u2t (x,0) = g2(x), x ∈ R3. (3.52)
The solution of this problem is formally given by
u2(x, t) =
(
cos tA
1
2
2
)
f2(x)+A−
1
2
2
(
sin tA
1
2
0
)
g2(x). (3.53)
Also we find, as before,
X2(x, t) = e−itG2Φ2(x) = U2(t)Φ2(x), (3.54)
where
iG2 =
[
o −I
A2 0
]
, Φ2(x) =
[
f2
g2
]
(x), (3.55)
and iG2 generates the C0-group (strongly continuous group) {U2(t): t ∈ R} defined by [21]
U2(t) = e−itG2 =
[
cos tA
1
2
2 A
− 12
2 sin tA
1
2
2
−A
1
2
2 sin tA
1
2
2 cos tA
1
2
2
]
. (3.56)
We note that using (3.43), the first component of X2 yields (3.53).
4. Spectral analysis
It is known [6,21], that given a Hilbert space H and a linear operator T :H ⊇
D(T ) →H, the following decomposition is available:
H=Hp(T )⊕Hc(T ), (4.1)
where Hp(T ) is the linear span of all eigenfunctions of T and Hc(T ) is its orthogonal
complement. This decomposition reduces T . The part of T inHc(T ) has a pure continuous
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we shall be concerned take place in Hc(T ).
To interpret (3.54) a spectral analysis of A0 is required. This is obtained by following,
essentially, the approach adopted by [6]. Specifically, we introduce the Fourier trans-
form F in L2(R3) and apply the Plancherel theory [21,30]. Thus, we define the operator
F :L2(R3) → L2(R3) with Ff = fˆ which is known to be unitary and furthermore
(FA0f )(p) = A0(p)fˆ (p), (4.2)
where the dyadic (3 × 3 matrix) A0(p) is given by [6, pp. 216–218]
A0(p) = |p|2I − pp. (4.3)
The eigenvalues of A0(p) are λ0(p) = 0 and λ(p) = |p|2 and the corresponding orthogonal
projections are
P0(p) = θθ, P (p) = I − θθ, (4.4)
where θ = p/|p|. We note that P(p) is the orthogonal projection of R3 onto the plane
through the origin with normal vector θ , [6, p. 199]. If fc = Pf , where P is the projection
onto Hc(A0), then we have
fˆc(p) =
∫
R3
Ψ ∗0 (x,p) · f (x)dx, (4.5)
fc(x) =
∫
R3
Ψ0(x,p) · fˆc(p)dp, (4.6)
where
Ψ0(x,p) = (2π)− 32 eip·xP (p) (4.7)
is the generalised eigenfunction of A0 and Ψ ∗0 denotes the Hermitian adjoint of the
dyadic Ψ0. We recall that the eigenfunction Ψ0(x,p) is associated with the spectral pa-
rameter |p|2 and corresponds to a dyadic plane wave propagating in the direction of the
vector p. If Φ(λ) is any function bounded on [0,∞), then
Φ(A0)f (x) = Φ(0)P0f (x)+
∫
R3
Ψ0(x,p)Φ
(|p|2)fˆc(p)dp, (4.8)
where P0 is the projection operator onto H0(A0), which is the nullspace of A0, [6, p. 217].
Now, that we have available a suitable spectral decomposition for the operator A0, we
can interpret the coefficients appearing in the solution u0(x, t) of the FP, given by (3.24).
In particular, u0(x, t) can be written in the form
u0(x, t) = Re
{
v0(x, t)
}
, (4.9)
where
1
2v0(x, t) = e−itA0 h0(x), (4.10)
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h0(x) = f0(x)+ iA−
1
2
0 g0(x). (4.11)
Applying (4.8) for
Φ(λ) = e−itλ
1
2
, (4.12)
we find
v0(x, t) = P0h0(x)+
∫
R3
e−it |p|Ψ0(x,p) · h0c(p)dp, (4.13)
for x ∈ R3, where the term P0h0(x) expresses the static part and the integral is the propa-
gating part of the solution. We notice that all the conditions required in Stone’s Theorem are
met, so, consequently the various exponential terms are well-defined. Thus, using Fourier
Transform (Plancherel) theory, we have a means of representing solutions to the FP in
terms of known generalised eigenfunctions. The validity of this approach is guaranteed
by the independently obtained Plancherel theory. We want similar results for the PP2 but
proofs of the validity of the generalised eigenfunctions expansions are now required for
each PP. We indicate this below for our potential scattering problem.
Spectral analysis of A2: The operator A2 given by (3.48) denotes a perturbation of A0
by means of the additional term β , that is
A2 = A0 + β, D(A2) = D(A0). (4.14)
As in the case of A0, we shall employ the Plancherel theory of Fourier transform. The
Plancherel theory [30] indicates that for any f ∈ L2(R3) the following limits exist:
(Ff )(p) = fˆ (p) = lim
r→∞(2π)
− 32
∫
|x|r
e−ip·xf (x) dx, (4.15)
f (x) = (F−1fˆ )(x) = lim
r→∞(2π)
− 32
∫
|p|r
eip·xfˆ (p)dp, (4.16)
and define a unitary operator F :L2(R3) → L2(R3) with Ff = fˆ and FF ∗ = F ∗F = I ,
where F ∗ is the adjoint of F . We would emphasize that the limits in (4.15) and (4.16) must
be taken in the L2(R3) sense. From the definition of the Fourier transform it follows that
(F∂jf )(p) = ipj fˆ (p). Hence, for the differential operator A2 we have
(FA2f )(p) = A2(p)fˆ (p), (4.17)
where the matrix A2(p) is given by
A2(p) =
(|p|2 + β)I − pp. (4.18)
This formula results from (4.14) and the corresponding matrix A0(p) = |p|2I − pp
for A0, [6]. The minimal polynomial of A2(p) is( )Q2(λ,p) = λ2 − |p|2 + β λ, (4.19)
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A2(p)
2 − (|p|2 + β)A2(p) = 0. (4.20)
Thus, the eigenvalues of A2(p) are λ0(p) = 0 and λ(p) = |p|2 +β , and the corresponding
orthogonal projections are again given by matrices [6]
P0(p) = θθ, P (p) = I − θθ, (4.21)
where θ is the unit vector p/|p|.
We define the bounded operators P0 and P in H2 = L2(R3,C) according to
P0f = F ∗
(
P0(p)fˆ (p)
)
, Pf = F ∗(P(p)fˆ (p)). (4.22)
Then, it is easily seen that P0 and P are the orthogonal projections onto the nullspace H02
and the scattering subspace Hc2 of A2, respectively, that is, for all f ∈H2 we have
f = P0f + Pf. (4.23)
We notice that P0(p) and P(p), p ∈ R3, denote matrices while by P0f and Pf , f ∈H2,
we denote the values of the operators P0 and P , respectively. If we put Pf = fc, then
fˆc(p) = P(p)fˆ (p) = (2π)− 32
∫
R3
e−ip·xP (p) · f (x)dx, (4.24)
fc(x) = (2π)− 32
∫
R3
eip·xP (p) · fˆc(p)dp. (4.25)
We notice that the dyadic function
Ψ2(x,p) = (2π)− 32 eip·xP (p), (4.26)
is an eigenfunction of A2 with corresponding eigenvalue |p|2 + β , that is, Ψ2 satisfies the
equation
A2Ψ2(x,p) =
(|p|2 + β)Ψ2(x,p), (4.27)
as we can see by a direct calculation. The operators A0 and A2 have the same eigenfunc-
tion Ψ0(x,p) = Ψ2(x,p), but different corresponding eigenvalues. So, the term β in the
operator A2 will not change the Fourier transform as it is defined for use with the opera-
tor A0, but it will affect the spectral representations for A2, where the eigenvalue appears.
Thus, we can write
fˆc(p) =
∫
R3
Ψ ∗2 (x,p) · f (x)dx, (4.28)
fc(x) =
∫
R3
Ψ2(x,p) · fc(p)dp, (4.29)
where Ψ ∗2 (x,p) denotes the Hermitian adjoint of the dyadic Ψ2. For a spectral representa-
tion for A2 we shall use the relations (4.17) and (4.18) and results of [29]. If Φ(λ) is any
function, continuous and bounded on [0,∞), then we have
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∫
R3
eip·x
[
Φ(0)P0(p)+Φ
(|p|2 + β)P(p)]fˆ (p) dp
= Φ(0)P0f (x)+ (2π)− 32
∫
R3
eip·xΦ
(|p|2 + β)P(p)fˆ (p)dp. (4.30)
Finally,
Φ(A2)f (x) = Φ(0)P0f (x)+
∫
R3
Ψ2(x,p)Φ
(|p|2 + β)fˆc(p)dp. (4.31)
Now, having available suitable a spectral decomposition for the operator A2, we can
proceed along similar lines to those used for the FP but using the generalized Fourier
transform defined above. Thus, we write the solution u2(x, t) of the PP2, given by (3.46),
in the form
u2(x, t) = Re
{
v2(x, t)
}
, (4.32)
where
v2(x, t) = e−itA
1
2
2 h2(x), (4.33)
with
h2(x) = f2(x)+ iA−
1
2
2 g2(x). (4.34)
We apply the formula (4.31) for
Φ(λ) = e−itλ
1
2
, (4.35)
and we find
v2(x, t) = P0h2(x)+
∫
R3
e−it (|p|2+β)
1
2
Ψ2(x,p) · hˆ2c(p)dp. (4.36)
5. Wave operators
In this section we want to compare the solutions X0(x, t) and X2(x, t), given by (3.44)
and (3.54), respectively, of the problems which where studied in the previous sections.
Our aim has always been to determine whether or not the solutions of the FP and PP2
are asymptotically equal as t → ±∞. The solutions X0 and X2 are asymptotically equal
t → ±∞, if
lim
t→±∞
∥∥X2(x, t)−X0(x, t)∥∥L2(R3) = 0. (5.1)
Indeed, we investigate whether or not the solution of the perturbed problem behave like the
solution of the FP in either the distant past or distant future or both.
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becomes
lim
t→±∞
∥∥U2(t)Φ2(x)−U0(t)Φ0(x)∥∥L2(R3) = 0. (5.2)
We note that the self-adjointness of A0 and A2 ensures, by means of Stone’s Theorem that
U0(t) and U2(t) are unitary operators on L2(R3) [21]. Hence we can write (5.1) in the
form
0 = lim
t→±∞
∥∥Φ2(x)−U∗2 (t)U0(t)Φ0(x)∥∥L2(R3)
= lim
t→±∞
∥∥Φ2(x)−W02(t)Φ0(x)∥∥L2(R3)
= ∥∥Φ2 −W±02Φ0∥∥L2(R3), (5.3)
where we have defined
W±02 ≡ W±(A0,A2) := limt→±∞W02(t) = limt→±∞U
∗
2 (t)U0(t). (5.4)
The quantities W±02 are the wave operators associated with A0 and A2. It is easily verified
that W±02 are unitary operators.
Thus, we see from (5.2) and (5.3) that the FP and the PP2 are asymptotically equal as
t → ±∞ provided the corresponding initial data are related according to
Φ±2 = W±02Φ±0 , (5.5)
where the superscripts on Φ2 indicate the possibility of having to use different initial values
for the FP when t → +∞ and when t → −∞.
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